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ABSTRACT

The concept of genus of an invariant, closed set A
in a paracompact free G-space E is introduced for any
campact Lie group G and the general result that G-genus
A= catBA* is proven where B = E/G, A* = E/G and cat is |
short for Ljusternik-Schnirelman category. As a special
case, the concept of genus (Krasnoselskii) coincides with
the notion of category (Ljusternik-Schnirelman) as employed

in a real or complex Banach space.

AMS (MOS) Subject Classification: 55C30, S8EO05 : ﬁ

Key Words: Ljustemik-Schnirelman category, 1
Krasnoselskii genus, Lie group, 3
G~-genus, paracompact free G-space

Work Unit No. 1 - Applied Analysis

fnepaztnent of Mathematics, University of Wisconsin - Madison.

Sponsored by the United States Army undexr Contract No. DAAG29-75~
C-0024. This material is based upon work supported by the National
Science Foundation undexr Grant No. MCS78-01451.




SIGNIFICANCE AND EXPLANATION

A central problem in various applications of mathematics to the sciences
is the determination of critical points of functions and the corresponding
critical values, i.e., points where the function exhibits unusual behavior
and the values of the function at these points. For example, the maximum
and minimum values of the function are among its critical values. It is also
important to find other critical values which might be local extremes, points
of inflections, saddle points etc. Using a very special classification of
subsets of the domain, Ljusternik and Schnirelman devised a technique for
finding these additional critical points. Later, Krasnoselskii developed
an alternative classification of subsets of the domain providing an (osten-
sibly) alternative method. The natural question arises as to whether the
Krasnoselskii method provides a different set of critical values than the
Ljusternik~Schnirelmar method. The object of this note is to verify that
these two methods provide precisely the same set of critical values, so that

additional critical values are not obtained by combining the two methods.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.




THE RELATIONSHIP BETWEEN LJUSTERNIK-SCHNIREIMAN CATEGORY
AND THE CONCEPT OF GENUS

Edward E'ade11+

1. Introduction.

The Min-Max Principle in critical point theory as introduced by Ljustemik-
Schnirelman [1] is based on the concept of category of a set X in an ambient
space B . Krasnoselskii [2] and others {31, [4), employed the concept of
genus instead of category. For example, consider the following setting. Let
E denote a Banach space and observe that %, = {-1,1} acts freelyon E -0
by scalar multiplication. Let I denote the closed invariant (symmetric) sub-
sets of E - 0. Furthermore, let B = E—O/‘zz and for A ¢ I , set A* = A/lz.
Then,

catBA* =k
is defined to mean that there exist k sets LR Ay in I such that for
each i , A; is contractible to a point in B and k is minimal with this
property (k = =, allowed). Thus the function Y given by
y(p) = catBA*
classifies the elements of I .
Altermatively, following Krasnoselskii [2], the statement
genus A = k
is defined to mean that there exists an equivariant (odd) map f£:A > IRk-O
and k is minimal with this property (k = © means that there is no equivariant
map f: A+ mk-o, for any finite k and, as usual, Rk is Euclidean k-space).

1.1 Remark. Actually this concept of "genus" was introduced and studied

earlier by Yang [5]) under the name "B-index". In fact, genus A = B-index + 1.

*D.put-ont of Mathematics, University of Wisconsin - Madison.

Sponsored by the United States Army under Contract No. DARG29-75-C~0024.
This material is based upon work supported by the National Science Foundation
wder Grant No. MCS78-01451.




The function Yy' given by
Y' (A) = genus A

also classifies the sets in I . Our objective in this note is to verify that
these classifications are identical in general, i.e.,
(1) y@) = catMA* = genus A = y'(d), Ael.
A special case of (1) for compact A's is contained in Rabinowitz [3]. We
will verify (1) in a very general setting as follows.

Let E dencte any contractible paracompact free G-space where G is a
compact Lie group. Let I denote the closed, invariant subsets of E and set
B=E/G. Then for A ¢ I, catBA* is defined as before, where A* is the

orbit space A/G. Now, set G-genus A = k if there is a G-equivariant map
k
(2) f:A > GoGors+0G', (k~fold join [6])

and k is minimal with this property.
Theorem. For A e I we have
(3) catBA* = G-genus A.
Note that (1) is a corollary of (3) by taking G = zz and observing

that the k-fold join of the U-sphere S0 is just sk-l which is the unit

sphere in :Rk . The corresponding result to (1) for complex Banach spaces is
obtained by taking G = sl, unit circle of complex numbers of norm 1. We

should also remark that the idea of using (2) for an "index theory" appears

briefly in [7].
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2. Preliminaries.

Throughout G will denote a compact Lie Group and JF will denote the
category of free paracompact G-spaces. An object X € F may be identified
with the principal bundle p : X > X/G , where p is the natural projection to
the orbit space X/G. Hence, the general theory of principal bundles over a
paracompact base applies (see [8]). We will also find the following definitions
convenient.

2.1 Definition. A free G-space Y € ¥ is called a G-ENR (Euclidean
Neighborhood Retract G-space) if

a) there is a real representation ¢: G +> 0(n) of G as orthogonal
matrices for some n ;

b) there is an equivariant imbedding h:Y -+ R® of Y in m", i.e.
h(gy) = ¢(g) h(y);

c) there is an invariant neighborhood U of £(Y) ¢ ®' and an equi-
variant retraction of U onto £(Y), i.e. there is a map r:U -+ h(¥Y) such
that r(u) =u when u ¢ £(Y) and r(p(g)u) = v(g) r(u).

2.2 Proposition. let X e¢F , A a closed invariant subspace of X and
Y a G-ENR. Then any equivariant map f£:A + Y has an equivariant extension
f:v > Y , where V is an invariant neighborhood of A in X .

Proof. We assume without loss that Y c K and G € O(n). Then,
employing the Tietze-Gleason Extension Theorem (9], there is an equivariant
extension F:X » R°. Le* U denote the invariant neighborhood of Y which
admits an equivariant retraction r:U > Y, Then, if V = r-l(U), f=xo (F|V)
is the required extension: V »> Y .

2.3 Remark. The compact Lie group G is a G-ENR [9]. In fact, every
compact smooth G-manifold is a G-ENR [9). Hence, the neighborhood extension
theorem (Proposition 2.2) applies for maps into these spaces. n).uh {9) defines

a G-ANR as a space Y which satisfies Proposition 2.2 for normal spaces X ,




so that every G-ENR is a G-ANR.

We also recall the notion of join. Let Y ,‘12,...,! denote G-spaces

1l k
and consider the space
4) (x x Yl) x (I x Yz) X Jae X (T % Yk)
a point of which is designated by
(5) (tlyl, tzyz, S tkyk) x
Let J denote the subset of (4) consisting of points (5) with the added condi-

tion that th = 1. Define an equivalence relation " by setting

Tyt L] 1] L} ]
(1:11(1,1:2}(2 ey .tkyk) = (tlyl .tzyz e ,ykyk)

if tj-t5 for all j and y:i-y;l whenever tj#O. Then we set
(6) YleYzo...OYk- I/

employing the identification topology. The action

YR 4

GX(Ylo...on)"Y X

1
given by
g[tlyl' %2 e thk] - [tlgylp ece tkgyk]

is continuous whenever the Y,'s are compact (6].

b
2.4 lemma. Suppose Y is a free G-space, with Y c ®R' and G c O(n).

Then, there is an equivariant imbedding

£ v+
with the additional property that Yy ¥ Y, implies f(yl) and f(yz) are

independent, i.e. they do not lie on a line thru the origin.

Proof. Set f(y) = (y.llyllz). y € mn, Iyl = nom y .

This lemma is used to prove the following proposition which is essentially
Lemma 2.7.9 of [9].

2.5 Proposition. If Yl' «ssy Y are compact G-ENR's, so is the k-fold

k
join

Yl.on.'Y.

1
]
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Proof. We need only show this for k = 2. Clearly Y , Y  is compact.

1 2

We may assume without loss, that Yl is a closed Gl- subspace of rP , Where

Gl c o(p) and G, is isomorphic to G, say by tplzcl -+ Gl . Similarly, we

1

may assume that there is an isomorphism ¢2:G > 62 c 0(q) and Yz is a Gz-
subspace of nq.

Then, there is a natural equivariant map n: Yl ° Yz +® e g given

by
n (875 Y] T4, © Y,
where G acts on ® e nq via the diagonal action
gly, ¥,) = (v, (Q)y,. ¢, (9)y,).
Now, if we use Lemma 2.4 we may also assume that distinct points yl,y:'l of Yl
are independent vectors and similarly for Yz. Then, if

® = ‘y!' @
t LY, Wiy ok

] 1 ]
11 1, 272

= +'y' = 'y’
we have tlyl tlyl and t 1:5(2 . This forces

a¥s = %3
= eyt (71
[ty 89,1 = [tyy. £5951
and n is injective, hence an imbedding. Now, suppose
pi=Ui+Y, i=1,2
are invariant retractions where Ul,Uz are invariant neighborhoods of Yl and

Y. in RP,RY, respectively. Now, let U denote the union of all lines

2
I'(“l'“z" u, € U:l' Thus a point u € U has the fomm

(1-t)u1+tu2, ~-o <t <o,

pyluy), if t <20
D((l-t)ul + tuz) = (l-t)ol(ul) + tpz(uz). it 0x¢e<1

92(“2)-' 5

p: U n(!l ° !2) is an equivariant retraction and hence Yl ° Yz is a G-ENR.




The following proposition uses the obvious fact that L - S

category is subadditive, i.e. if Y = Yl (V] Y2 c M, where Yi are closed in

M, i=1,2, then

<
catMY < catMYI + cat:MY

5
2.6 Proposition. Suppose Yl. Yz arc compact invariant subspaces

contained in a free G-space E , and let Y = Yl ° Yz. Then,

cat . Yr<cat _ ¥ 4+ cat _ ¥*

b 4 Y‘il 252

where A* = A/G.
Proof. Yl ° Y, splits into two pieces
1l
xl - {[YlftlY2] t f_i}
X, = {ly,,t,y,], t <2}
2 vl B 2

with Y, a strong deformation retract of X

i i (equivariantly). Thus Y; is a
strong deformation of ‘x; and since
* * A
caty,Y" icatxlxl + cat:x!‘;x2 «

we have the desired result.
2.7 Corollary. If Y ='Go ... o G', then caty.‘r* <k.

The next proposition establishes that G-genus is also subadditive.

2.8 Proposition. If Y e F and Y-YluYz whe re Yl and Yz are

closed invariant subspaces, then

G-genus Y < G-genus Y + G-genus Y

1 a -
Proof . Suppose G-genus '1 = k‘ and G-genus !2 - 5 Let
k
HI.G..CQ.G' nz.c.ooo.G -
and observe that H and H, are campact G-ENR's (Proposition 2.5). Suppose
-
fi:'li-»lli, i=1,2

&
&
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are equivariant maps. Then £, extends to an equivariant map

i
q:ui*a e Y2
where Ui is an invariant open set containing Yi . Select an equivariant

partition of unity vi : Y- [0,1] so that

-1 -
Y, c9, ((0,11)cui, TEEOLE (g

Then, define an equivariant map
fay-> Kl ° Hz
by setting
£ly) = o, WE (), ¢, (VIE) (V)]

and the result follows.
k

. AT s
2.9 Remark. Let us recall that if we set Yk =Go ... oG and

Y; = Yk/G , we have natural imbeddings

G+"'+Yk+yk+1+
¥ ¥ ¥

’ LK ] * LR
-+ y; +Yk+1->

and the direct limit yields the Milnor universal bundle [6] (EG.pG,BG) for G.
Now, if E is a contractible, paracompact free G-space, and if E/G = B , then
(E,p,B) is also a universal bundle for G-bundles over paracompact spaces [10].

As we have seen, G-genus is subadditive but the proof was more substantial
than the corresponding trivial result for L - S category. Just the opposite
occurs for the "monotone" property. If ¢: X+ Y is an equivariant map (in
3), then it is immediate that

G-genus X < G-genus Y .

However, the corresponding result for L - S category requires some details -

and makes use of the classification theorem for G-bundles.

FUSSOIN
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2.10 Prggsiticn. Suppose x1 and x2 are closed invariant subspaces

of paracompact free G-spaces El and Ez , respectively. Then, if ¢: xl > xz
is an equivariant map and if

* * = = =
xl = xlfG, xz x2/G, Bl El/G, BZ E2/G ’

then

cat X* < cat X*
Bl 1 32 2

Proof. The bundles (Ei,pi,Bi) i =1,2 are universal bundles and hence

we have the following diagram of bundle maps

where ¢ is given, 12 is inclusion and o exists via the universality of

(El,Pl 'Bl) .

Now, suppose catazx; =k < », There, x; admits a closed cover lq,...,li
of sets contractible in 32 to a point. If we set A';' = 5-1 (K;‘), we have a
* * *
closed cover {Al,...,hk} of X} and

a eI, o@|a*) ~ constant (in B,).

However, since (El,pl,nl) is universal, we have

aei oa'\'i

2 1 >
where 11 : xl > El is inclusion. Thus, each Al is contractible to a point
in Bl and
cat X* < cat X* .
B]. 1 Bz 2
-8-
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3. Category vs Genus

3.1 Theorem. Let E denote a contractible, paracompact free G-space
and let I denote the closed invariant subspaces of E . Then if B = E/G
and A* = A’'G , we have
catBA* =G-genus A , A€l .
Procf. a) We show first that catBA* < G-genus A, Suppose that G-genus

A=k <, Then, we have an equivariant map
k
—
f:A+Y=Go"'oGCEG.

But then, using Proposition 2.10 and Corollary 2.7

* < <
catBA < ca,tBG Y* < cat

e

Thus,
catBA* < G-genus A .

b) Now, suppose catB A* = k < » ., Then,

* = * eec e *
A Alu UAk

where each Ai is closed and contractible in B . Now, since G-genus is sub-

additive (Proposition 2.8) we have

k
G-genus A < Z G-genus A
- L
2=1
where A, = p;l (A‘i), Py : A>A/G = A* the natural projection. Since each A‘E

is contractible to a point in B , the bundle (A,pA,A*) is a trivial G-bundle
and hence we have an equivariant map

fﬁ. : A!. +> G
so that G-genus A" =1, 2£=1,...,k. This proves that

G-genus A < k = cat A*
and the proof is complete.




-There are some noteworthy examples:

3.2 Let £ dencte an infinite dimensional Banach space over the reals
R. Let G=%, = {-1,1} act on & by scalar multiplication and let I denote
the closed invariant subsets of E =@~0 . Define the real genus of A ¢ I by

genusRA = Zz—genus A .

Then,

genus o A

where B = E/ 12, A* = p/ 22 . As we have already observed, genusmA =k < »
is equivalent to saying that there is an equivariant (odd) map £ : A+]Rk -0

*
cat BA

and k is minimal with this property, so that genus is ordinary genus in the
sense of Krasnoselskii (2].

3.3 let /S dencte an infinite dimensional Banach’space over the complex
numbers T . Let G = Sl , the complex numbers of norm 1. Then G acts freely
on E =8&-0 , again by scalar multiplications. Let I denote the closed invar-

iant subsets of E and define the complex genus of A € I by

genusmh = Sl-genus A

then,
- *
genuscA catBA
where B = E/sl, A* = A/sl. We also mention here that genusca =k <» is equiv-

alent to saying that there is an equivariant map f: A » ck -0 and k is mini-
mal with this property.

Another consequence of Theorem 3.1 is the following result which asserts
the independence of L - S category on the ambient Banach space.

3.4 Corollary. If Bi , i=1,2 are real (complex) Banach spaces (not
necessarily infinite dimensional) and Ai c '91 - 0 are closed invariant subsets

admitting an equivariant homeomorphism ¢¥: Al > A2 , then

cat A* = cat A*
81 1 82 1

1
where B, = Bi - 0)/32(8 ).




Proof. If both Banach spaces are infinite then

* = -, L - *
catBl Al G-~genus Al = G-genus Az cataz A2 .

To complete the proof it suffices to prove the following lemma.

3.5 Lemma. Let & denote an infinite dimensional Banacl space over
R or T and let L denote a finite dimensional subspace. Let A denote a
closed invariant set in L-0. If C= (L~-0)/G, B= (8- 0)/G, a* = A/G,

where G = 22 or s1 » then

A* = *
catc catBA

Proof. We consider only the real case. We may identify L with ®

and if Iz-genus A=k , then k <n and we have a diagram of bundle maps

0 ken it .y 3
U e g
ql % ka-l 1pn-1 1pn
" 11 <13
ar 2 mpk 13 gpn-ld, o0

where ¢ is the equivariant map obtained from the fact that zz-genus A=k

and i is inclusian. RPk-l is the union of k contractible closed sets,

- ~1
) AP and hence if we set A* = ¢ (K*), we have that each map
1 L L

1e @|at) v constant (in ®ET),

1

We may assume without loss that A K6 = q-:l (Ai) < s"™" and is a finite sub-

L
complex of dimension < n-1. Since (Sn,Pn,RPn) is n-universal [11)

3*elog|arn g, arcmP .

Thus, A‘i is contractible in :RP". This forces A;
n~1 n=1 n-2

rp and hence A‘i is deformable in RP to RP . Repeating the above

argument then forces A} to be contractible in Re"L and so

cat A* < k = lz-gonus A= catBA* .

Since the inequality catBA" < catcA' is obvious the lemma follows and the proof

to be a proper subset of

of Corollary 3.4 is cumplete.
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